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It is widely believed that the divergence of the relaxation timescale of a quantum dissipative system requires
closing of the spectral gap of the Liouvillian that governs the time evolution of the densitymatrix. Wefind that this
premise breaks down if the system exhibits the Liouvillian skin effect, i.e., if the eigenmodes of the Liouvillian
are localized exponentially close to the boundary of the system. We find a universal relation τ ∼ ∆−1(1 + L/ξ)
between the relaxation time τ of a local observable, the Liouvillian spectral gap ∆, a localization length ξ of
eigenmodes, and the system size L. This relation implies that, if the localization length is independent of the
system size, the relaxation time diverges in the thermodynamic limit without gap closing.
Introduction.– Relaxation processes of quantum systems
coupled to an environment are one of the most fundamen-
tal nonequilibrium phenomena in condensed matter physics.
Recent experimental advances in atomic, molecular, and op-
tical systems provide a highly controllable platform to study
the dissipative dynamics of various quantum systems [1–6]. A
key question here is what determines the timescale for a given
system to reach a steady state. This problem is of great rel-
evance to technological applications because controlling the
relaxation time of a quantum system is crucial for quantum
control and information processing [7–12].
The spectral gap plays a crucial role in characterizing the
relaxation time. In isolated quantum systems, the inverse of the
spectral gap of a Hamiltonian determines the timescale of low-
energy excitations. At a critical point, the timescale diverges
as the gap closes [13]. In quantum dissipative systems, the
relaxation dynamics is characterized by the eigenspectrumand
eigenmodes of a Liouvillian, which is the generator of a trace-
preserving and completely positive map and governs the time
evolution of the density matrix. The Liouvillian spectral gap
∆ is defined as the smallest modulus of the real part of the
nonzero eigenvalues. It is natural to expect that the relaxation
time τ of the system is given by ∆−1. This relation between τ
and∆ has been employed to estimate∆ for quantumdissipative
systems from their relaxation dynamics obtained by numerical
methods [14–16]. If a steady state of a quantum dissipative
system exhibits a phase transition, the Liouvillian gap closes,
and the relaxation time diverges at the critical point [17–20].
The equivalence between the divergence of the relaxation time
and the closing of the spectral gap has been a central dogma
in the theory of phase transitions in quantum systems.
In this Letter, we present a universal mechanism of the di-
vergence of relaxation time without gap closing for quantum
dissipative systems inwhich some eigenmodes of a Liouvillian
are localized exponentially near the boundary. In dissipative
systems driven out of equilibrium, localization phenomena of
excitation modes near the boundary are ubiquitous and have
attracted much attention in the context of the bulk-edge cor-
respondence in non-Hermitian topological matter, known as
the non-Hermitian skin effect [21–25]. Here, we refer to the
localization of Liouvillian eigenmodes as the Liouvillian skin
effect to emphasize that our study features a property of Li-
ouvillian spectra. We show that this effect drastically changes
the relationship between the relaxation time and the spectral
gap. An important consequence of the Liouvillian skin ef-
fect is that the overlap between the right and left eigenmodes
of the Liouvillian decreases exponentially with increasing the
system size. We derive a universal relation between the relax-
ation time of a local observable, the Liouvillian gap, and the
localization length of eigenmodes (see Eq. (8)). This relation
implies that the relaxation time diverges in the thermodynamic
limit even if the Liouvillian gap does not close. We also pro-
pose a prototypical model that exhibits this behavior; namely,
a dissipative tight-binding model with asymmetric hopping.
Liouvillian skin effect and relaxation time.–We consider the
Lindblad master equation for the density matrix,
d ρˆ
dt
= −i[Hˆ, ρˆ] +
∑
α
(
Lˆα ρˆLˆ
†
α −
1
2
{Lˆ†α Lˆα, ρˆ}
)
≡ L(ρˆ), (1)
where Hˆ is the Hamiltonian of the system, Lˆα is the Lindblad
operator, and [Aˆ, Bˆ] ≡ AˆBˆ − Bˆ Aˆ, { Aˆ, Bˆ} ≡ AˆBˆ + Bˆ Aˆ. The
Planck’s constant ~ is set to unity in this Letter. We denote the
dimension of the Hilbert space of the system as D. With the
inner product (Aˆ|Bˆ) ≡ Tr[Aˆ†Bˆ], the set of operators forms a
D2-dimensional Hilbert space. The right and left eigenmodes
of the Liouvillian superoperator L are defined by
L(ρˆRj ) = λj ρˆRj , L†(ρˆLj ) = λ∗j ρˆLj , ( j = 0, 1, ..., D2 − 1), (2)
where λj is the jth eigenvalue and the conjugate operator of
the Liouvillian reads
L†(ρˆ) = −i[ρˆ, Hˆ] +
∑
α
(
Lˆ†α ρˆLˆα −
1
2
{Lˆ†α Lˆα, ρˆ}
)
. (3)
The steady state ρˆss is the right eigenmode associated with the
zero eigenvalue, L(ρˆss) = 0, and we set ρˆR0 = ρˆss. Suppose
that all eigenvalues are arranged in descending order of their
2real parts: 0 = Re[λ0] > Re[λ1] ≥ ... ≥ Re[λD2−1], where
we assume the uniqueness of the steady state. If ρˆ is the
eigenmode with eigenvalue λ, ρˆ† is also the eigenmode with
eigenvalue λ∗. Thus, all complex eigenvalues have their con-
jugate partners. Each eigenmode is normalized as Tr[ρˆss] = 1
and ‖ ρˆR
j
‖ = ‖ ρˆL
j
‖ = 1, ( j , 0), where ‖ Aˆ‖ ≡ (Aˆ| Aˆ)1/2. The
right and left eigenmodes corresponding to different eigenval-
ues are orthogonal to each other: (ρˆL
j
| ρˆR
k
) = 0, (λj , λk).
An arbitrary initial state ρˆini can be expanded as
ρˆini = ρˆss +
D2−1∑
j=1
cj ρˆ
R
j , (4)
where the coefficient cj is written as
cj =
(ρˆL
j
| ρˆini)
(ρˆL
j
| ρˆR
j
) . (5)
The time evolution of the density matrix is given by
ρˆ(t) = ρˆss +
D2−1∑
j=1
cje
λ j t ρˆRj . (6)
The Liouvillian gap is defined by ∆ ≡ |Re[λ1]|, which is also
called the asymptotic decay rate [20].
We define the relaxation time of the system. The expectation
value of a local observable Oˆ at time t and that for the steady
state are written as O(t) = Tr[Oˆ ρˆ(t)] and Oss = Tr[Oˆ ρˆss],
respectively. First, we define a relaxation time τ˜(ρˆini, Oˆ) as the
largest time t satisfying |O(t)−Oss | ≥ e−1 |O(0)−Oss |. We also
define the intrinsic relaxation time τ by maximizing τ˜(ρˆini, Oˆ)
over all possible initial states ρˆini and local observables Oˆ.
Here, we consider the relationship between the Liouvillian
gap ∆ and relaxation time τ. If one takes the initial state
ρˆini = ρˆss+cj ρˆ
R
j
+c∗
j
(ρˆR
j
)† with arbitrary j (, 0), the relaxation
time is given by τ˜(ρˆini, Oˆ) = Re[λj]−1. By maximizing τ˜ over
the initial states ρˆini, it is natural to expect
τ
?
=
1
∆
. (7)
If Eq. (7) were true, the necessary and sufficient condition for
the divergence of the relaxation time would be closing of the
Liouvillian gap.
In the following, we show that Eq. (7) does not hold if
the system exhibits the Liouvillian skin effect, namely the
eigenmodes of the Liouvillian are localized exponentially close
to the boundary of the system. For simplicity, we consider a
single-particle system in a one-dimensional space of length
L. Let |x〉 be the state in which the particle is located at
position x. We assume that the matrix element of the first right
(left) eigenmode is exponentially localized near the right (left)
boundary: |〈x | ρˆR1 |y〉| ∼ e−(2L−x−y)/ξ , |〈x | ρˆL1 |y〉| ∼ e−(x+y)/ξ ,
where ξ is the localization length (we will later present a
concrete example where this assumption is justified). Then,
the overlap between them is exponentially small: (ρˆL1 | ρˆR1 ) ∼
e−O(L/ξ). Note that the numerator of Eq. (5) is maximized and
takes a value of O(1) when the initial state ρˆini is localized
near the left boundary. Thus, we find that the maximal |c1 |
over all initial states is proportional to eO(L/ξ). From Eq. (6),
the relaxation time τ is given by the condition |c1 |e−τ∆ = e−1,
and hence we find
τ ∼ 1
∆
+
L
ξ∆
. (8)
This is the main result of this Letter. In the absence of the
skin effect, since each eigenmode is extended over the whole
space, i.e., ξ = L, Eq. (8) reduces to Eq. (7). Thus, Eq. (8)
is a generalization of the conventional relation (7). Equation
(8) implies that, if the Liouvillian gap and the localization
length are independent of the system size, the relaxation time
is proportional to the system size. Defining the relaxation
velocity by vR ≡ L/τ, Eq. (8) gives
vR ∼ ξ∆ (9)
for L → ∞. The remaining part of this Letter is devoted to
demonstrate the validity of Eqs. (8) and (9) using a prototypical
model that exhibits the Liouvillian skin effect.
Prototypicalmodel.–TheHamiltonian of the system is given
by Hˆ = −J ∑Ll=1(bˆ†l+1bˆl + bˆ†l bˆl+1), where bˆ†l and bˆl are the cre-
ation and annihilation operators of a boson at site l, which
satisfy [bˆl, bˆ†m] = δlm and [bˆl, bˆm] = [bˆ†l , bˆ†m] = 0, and J rep-
resents the transfer amplitude. We consider Lindblad operators
LˆR,l =
√
γRbˆ
†
l+1bˆl and LˆL,l =
√
γL bˆ
†
l−1bˆl, which describe ther-
mally activated hopping to the right and left neighboring sites
with the rate γR and γL, respectively. The index α in Eq. (1)
includes R or L, and site index l = 1, 2, ..., L. We will discuss
both cases of the open boundary condition (OBC) and the pe-
riodic boundary condition (PBC). Given the state |l〉 in which
the particle is located at site l, the set of vectors {|l〉}l=1,..,L
forms an orthonormal basis of the Hilbert space. This model
has been studied for the interplay between coherent tunneling
described by the Hamiltonian and stochastic transport assisted
by thermal activation [26, 27].
Relaxation time.–We focus on the system-size dependence
of the relaxation time. Suppose that the initial state is lo-
calized at a point with distance d from the region in which
the steady state is localized. Since the total particle number
Nˆ =
∑L
l=1 bˆ
†
l
bˆl is conserved, the relaxation toward the steady
state must be accompanied by the transport of particles. In
quantum dissipative systems with local interactions, there ex-
ists an upper bound on the speed at which information can
propagate, i.e., the Lieb-Robinson bound [28, 29]. Thus, at
least it takes time proportional to d for the system to reach its
steady state. In other words, the maximal relaxation time over
initial states should diverge in the thermodynamic limit.
Let us confirm this fact by numerically solving the master
equation (1) under the OBC. As an initial condition, we choose
a state in which the particle is localized at the left boundary:
ρˆini = |1〉〈1|. Figure 1 (a) shows the time evolution of the
density profile nl = Tr[ρˆbˆ†l bˆl] = 〈l | ρˆ|l〉. For γR > γL, the
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FIG. 1. (a) Time evolution of the density profile nl with hopping
parameters J = γR = 1, γL = 0.5, and system size L = 30. (b)
Relaxation time with hopping parameters J = γR = 1, and γL = 0.2,
0.4, 0.6, 0.8, 1 from bottom to top. The abscissa and ordinate are
shown in log scales. The two straight lines represent L1 and L2.
particle is transported from left to right, and accumulated at
the right boundary. Figure 1 (b) shows the relaxation time
determined from the condition nss,L −nL(τ) = e−1nss,L , where
nss,l is the density profile of the steady state. For γR = γL, τ
is proportional to L2, reflecting the diffusive relaxation to the
uniform steady state. In contrast, for γR > γL, τ is asymptot-
ically proportional to L. This observation is consistent with
the above-mentioned argument based on the Lieb-Robinson
bound. If the conventional relation (7) were correct, the gap ∆
would scale as L−1.
Liouvillian spectrum.– Let us calculate the spectral gap of
the Liouvillian. The Hilbert space of operators is spanned
by the orthonormal basis {|l〉〈m|}l,m=1,...,L . First, we con-
sider the exactly solvable case of J = 0, where the action
of L is closed in the diagonal subspace spanned by the basis
{|l〉〈l |}l=1,...,L and in the off-diagonal subspace spanned by the
basis {|l〉〈m|}l,m=1,...,L; l,m. If we interpret |l〉〈l | as the state
in which a particle sits at site l, then L restricted to the diag-
onal subspace is equivalent to a non-Hermitian tight-binding
Hamiltonian,
HˆPBC =
L∑
l=1
(γRcˆ†l+1cˆl + γLcˆ†l cˆl+1), (10)
for the PBC, and
HˆOBC =
L−1∑
l=1
(γR cˆ†l+1cˆl + γL cˆ†l cˆl+1) + γLcˆ†1 cˆ1 + γRcˆ†L cˆL, (11)
for the OBC, where cˆ†
l
and cˆl are the creation and annihilation
operators of the virtual particle, and we have omitted a con-
stant energy shift −(γR + γL)
∑
l cˆ
†
l
cˆl. Such a tight-binding
model with asymmetric hopping is known as the Hatano-
Nelson model [30–32]. Note that HˆOBC contains additional
potentials at the boundaries, which ensure the existence of the
steady state of the master equation.
For the case of the PBC, a right eigenmode of HˆPBC is
given by a plane wave ψk,l ∝ eikl , where k = 2pin/L, (n =
−L/2 + 1, ..., L/2), and its eigenvalue reads
λ
(PBC)
k
= γRe
−ik
+ γLe
ik − γR − γL, (12)
where we have restored the constant shift −γR − γL. The
eigenmode with k = 0 corresponds to the steady state. From
Eq. (12), we have ∆ ∼ L−2.
Next, we consider the eigenmodes of HˆOBC. We define
the imaginary gauge transformation Vˆ ≡ exp[− ln r ∑l lcˆ†l cˆl],
and have Vˆ−1cˆ†
l
Vˆ = rl cˆ
†
l
and Vˆ−1cˆlVˆ = r−l cˆl [30–32].
When r =
√
γL/γR, the transformed Hamiltonian Hˆ ′OBC ≡
Vˆ−1HˆOBCVˆ is given by replacing γR and γL in the hopping
term γR cˆ
†
l+1cˆl + γL cˆ
†
l
cˆl+1 in Eq. (11) with
√
γRγL. Note that
the eigenspectrum of HˆOBC is real because Hˆ ′OBC is Hermi-
tian. Let ψl and ψ′l be the right eigenmodes of HˆOBC and
Hˆ ′OBC with the same eigenvalue, respectively. The right eigen-
modes of Hˆ ′OBC include a bound state ψ′BS,l ∝ (γR/γL)l/2
and (L − 1) plane-wave states ψ′
k,l
= c1e
ikl
+ c2e
−ikl , where
k = npi/L, (n = 1, ..., L−1) [33]. The bound state corresponds
to the steady state. The eigenvalues for the plane-wave states
are given by
λ
(OBC)
k
= 2
√
γRγL cos k − γR − γL. (13)
The eigenmode of the original Hamiltonian HˆOBC is given by
ψl = (γR/γL)l/2ψ′l . When γR > γL, all right eigenmodes are
exponentially localized near the right boundary. We define
the localization length ξ by |ψk,l |2 ∼ e−(L−l)/ξ , and have ξ =
| ln(γR/γL)|−1. From Eq. (13), the gap is given by
∆ = γR + γL − 2√γRγL (14)
in the L → ∞ limit. Note that for γR = γL, the gap closes as
∆ ∼ L−2. Thus, in sharp contrast to the case of the PBC, the
Liouvillian spectrum under the OBC has a nonvanishing gap
for γR , γL. Such an extreme sensitively of the eigenspectrum
to the boundary conditions is a special character of quantum
dissipative systems driven out of equilibrium, and reminiscent
of a similar effect seen in the non-Hermitian systems [21–25].
The left eigenmodes of HˆOBC can be obtained by exchanging
γR and γL in the right eigenmodes. Thus, for γR > γL, the left
eigenmodes are localized near the left boundary.
The eigenvalues given by Eqs. (12) and (13) are those of
L that are restricted to the diagonal subspace spanned by
{|l〉〈l |}l=1,...,L . In addition to them, there are (L2 − L) eigen-
values belonging to the off-diagonal subspace. For the PBC, it
is given by λ = −γR−γL. For theOBC, there are four eigenval-
ues λ = −γR−γL, −γR−γL/2, −γR/2−γL, and−γR/2−γL/2,
whose degeneracies are (L − 2)(L− 3), 2(L − 2), 2(L − 2), and
2, respectively.
In the case of nonzero J, the eigenvalue problem of the
Liouvillian cannot be solved exactly, and we study its eigen-
spectrum using numerical diagonalization. Figure 2 shows
∆ as a function of the system size L. For the PBC case (a),
∆ vanishes as L−2 for arbitrary hopping parameters. For the
OBC case (b), while ∆ ∼ L−2 for γR = γL, ∆ approaches a
nonzero value for γR , γL. These results are similar to the
case of J = 0. The existence of a nonzero gap for this model
was also pointed out in Ref. [16].
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Next, we show that the eigenmodes exhibit the Liouvillian
skin effect for nonzero J. Figure 3 (a) and (b) show the eigen-
spectrum {λj }j=0,...,L2−1 on the complex plane for the OBC.
The eigenspectrum is composed of two groups of eigenval-
ues with and without imaginary parts. The real spectrum
stems from the eigenvalues given by Eq. (13) at J = 0. One
can clearly see two clusters of complex eigenvalues around
Re[λ] = −γR − γL = −1.2 and Re[λ] = −γR/2 − γL = −0.7,
which come from the highly degenerated eigenvalues at J = 0.
Figure 3 (c) shows the modulus of the matrix elements of the
right eigenmode ρR
j,lm
≡ 〈l | ρˆR
j
|m〉 for the eigenvalues indi-
cated by arrows ( i) – (iv) in Fig. 3 (a). For the real eigenvalues
such as ( i) and (iv), ρR
j,lm
is localized exponentially near the
right boundary. We can also confirm that the corresponding
left eigenmodes ρL
j,lm
are localized exponentially near the left
boundary. In contrast, for the complex eigenvalues such as (ii)
and (iii), ρR
j,lm
is delocalized for one or both of l and m. The
partial skin effect observed in (ii) can be understood from the
fact that ρˆR
j
is a superposition of |l〉〈m| where either l or m
belongs to the right boundary, which is the eigenmode with
λ = −γR/2 − γL at J = 0. The eigenmodes with the complex
eigenvalues are irrelevant to the slowing down of relaxation
because they do not exhibit the Liouvillian skin effect.
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FIG. 4. Plots of vR versus ξ∆ with γR = 1, and J = 0.5 (cross),
1 (star), 1.5 (square), 2 (circle), and γL = 0.2 (purple), 0.4 (green),
0.6 (blue). The system sizes are (a) L = 40 and (b) L = 60. The
dashed lines represent the least squares fitting by y = ax. The relative
standard errors of a are (a) 6.5% and (b) 4.0%.
Let us confirm Eq. (9) for the prototypical model. Figure 4
shows vR and ξ∆ for several parameters. We have defined the
localization length by ξ = 1/nss,L , where nss,l ≃ ξ−1e−(L−l)/ξ
is the density profile of the steady state. We have implicitly
assumed that the localization length of the eigenmodes is of
the same order as that of the steady state. As the system size
increases, the plots of vR versus ξ∆ converge to points on a
single line vR = aξ∆ with a ≃ 2.7.
To estimate the relaxation time in Figs. 1 and 4, we have
focused on the diagonal elements ρll = 〈l | ρˆ|l〉 of the density
matrix. It is also intriguing to consider the relaxation of the
off-diagonal elements ρlm = 〈l | ρˆ|m〉 (l , m), because they
provide a measure of quantum coherence. For J = 0, since
the eigenmode ρˆR1 that determines the Liouvillian gap does not
contain the off-diagonal elements, ρlm decays at a constant
rate independent of the system size and Eq. (8) does not hold.
In contrast, for J , 0, since the eigenmodes exhibiting the skin
effect have nonzero off-diagonal elements (see ( i) in Fig. 3),
the relaxation time of ρlm diverges with the system size (see
Supplemental material [33]).
We briefly remark on many-body cases. The tight-binding
model discussed in this Letter can be generalized to an N(< L)-
particle system with the hard-core condition (bˆ†
l
)2 = 0. When
J = 0, the model is identical to a classical Markov process
known as the asymmetric simple exclusion process (ASEP)
[34]. For the OBC, it has been proven that the transitionmatrix
of the ASEP has a nonzero spectral gap in the thermodynamic
limit [35]. The density profile nl of the steady state is given
by nL−N−l ∝ e−l/ξ and nL−N+l ∝ 1 − e−l/ξ when γR > γL.
The existence of such an exponential tail in the density profile
suggests that the overlap between the right and left eigenmodes
should be exponentially small. Thus, Eq. (8) should hold for
this case. In the single-particle case, we have shown that the
presence of nonzero J does not affect the emergence of the
skin effect. It merits further study to investigate the validity of
Eq. (8) for the many-body case with nonvanishing J.
Conclusions.– In this Letter, we have shown that the con-
ventional relation between the relaxation time and Liouvillian
5spectral gap, Eq. (7), breaks down if the eigenmodes are local-
ized near the boundary due to the Liouvillian skin effect. Our
primary finding in Eq. (8) results from an essential distinction
between the right and left eigenvectors, which are identical
to each other for Hermitian operators. In other words, the
slowing down of relaxation without gap closing is a special
character of quantum dissipative systems whose time evolu-
tion is governed by a non-Hermitian superoperator acting on
the operator space. The exponential localization of the eigen-
modes in quantum dissipative systems can also be induced
by disorder [30–32]. It deserves further study to elucidate
whether disorder results in the slowing down of relaxation
without gap closing.
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6SUPPLEMENTALMATERIAL
S1. Eigenspectrum and eigenmodes of the Hatano-Nelson model
In this section, we calculate the eigenspectrum and eigenmodes of the Hatano-Nelson model defined by Eqs. (10) and (11) in
the main text. After restoring a constant energy shift −(γR + γL)
∑
l cˆ
†
l
cˆl, the Hamiltonian reads
HˆPBC =
L∑
l=1
[
γR cˆ
†
l+1cˆl + γL cˆ
†
l
cˆl+1 − (γR + γL)cˆ†l cˆl
]
, (S1)
for the periodic boundary condition (PBC), and
HˆOBC =
L−1∑
l=1
(γRcˆ†l+1cˆl + γL cˆ†l cˆl+1) − (γR + γL)
L∑
l=1
cˆ
†
l
cˆl + γLcˆ
†
1 cˆ1 + γR cˆ
†
L
cˆL, (S2)
for the open boundary condition (OBC), where cˆ†
l
and cˆl are the creation and annihilation operators of a particle at site l. Let |l〉〉
denote the state in which a particle resides at site l. Then, the eigenvalue equation is given by∑
m
〈〈l |H |m〉〉ψm = λψl, (S3)
whereH denotesHPBC orHOBC. It is worth noting that the matrix representation ofH is identical to the transition matrix of a
random walk process with hopping rates γR and γL for the right and left directions, respectively.
A. Periodic boundary condition
For the case of the PBC, the eigenvalue equation reads
γRψl−1 + γLψl+1 − (γR + γL)ψl = λψl . (S4)
The solution of Eq. (S4) is given by a plane wave
ψk,l = e
ikl, (S5)
where k = 2pin/L, (n = −L/2 + 1, ..., L/2), and we omit a normalization constant. The eigenvalue associated with Eq. (S5) is
calculated as
λ
(PBC)
k
= γRe
−ik
+ γLe
ik − γR − γL. (S6)
The eigenmode with k = 0 is the zero mode of HˆPBC, which corresponds to the steady state of the master equation. Since the
eigenvalue with the smallest modulus of the real part is given by λ(PBC)
k=±2pi/L, the spectral gap ∆ is given by
∆ = (γR + γL)
[
1 − cos
(
2pi
L
)]
∼ L−2. (S7)
The eigenspectrum (S6) is shown in Fig. S1 (a) with purple symbols. It forms an ellipse tangential to the imaginary axis. The
diameters of the ellipse in the real and imaginary directions are given by 2(γR + γL) and 2|γR − γL |, respectively. When γR > γL,
as k increases from −pi to pi, the eigenvalue circumnavigates the ellipse clockwise. For γR = γL, the ellipse collapses onto the
real axis.
B. Open boundary condition
Let us consider the case of the OBC. We define the imaginary gauge transformation
Vˆ ≡ exp
[
− ln r
L∑
l=1
lcˆ
†
l
cˆl
]
, (S8)
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FIG. S1. (a) Eigenspectrum of the Hatano-Nelson Hamiltonian for the PBC and OBC with hopping parameters γR = 1, γL = 0.2, and system
size L = 40. The thick lines represent the eigenspectrum in the limit L → ∞. (b) Eigenmodes of HOBC with hopping parameters γR = 1,
γL = 0.8, and system size L = 30. k denotes the wave number of the eigenmode ψk,l obtained from the plane-wave solution (S14). The bound
state (BS) is given by ψl ∝ (γR/γL)l . All eigenmodes including the bound state are normalized as
∑
l |ψl |2 = 1.
which transforms the creation and annihilation operators as
Vˆ−1cˆ†
l
Vˆ = rl cˆ
†
l
, Vˆ−1cˆlVˆ = r−l cˆl . (S9)
If we choose r =
√
γL/γR, the non-Hermitian Hamiltonian (S2) can be transformed to a Hermitian Hamiltonian
Hˆ ′OBC = Vˆ−1HˆOBCVˆ = γ˜
L−1∑
l=1
(cˆ†
l+1cˆl + cˆ
†
l
cˆl+1) − (γR + γL)
L∑
l=1
cˆ
†
l
cˆl + γLcˆ
†
1 cˆ1 + γRcˆ
†
L
cˆL, (S10)
where γ˜ ≡ √γRγL. Let ψ′l be an eigenmode of Hˆ ′OBC. The eigenvalue equation for Hˆ ′OBC is given by

γ˜ψ′2 − γRψ′1 = λψ′1,
γ˜(ψ′
l−1 + ψ
′
l+1) − (γR + γL)ψ′l = λψ′l, (1 < l < L),
γ˜ψ′
L−1 − γLψ′L = λψ′L .
(S11)
First, one can easily confirm that Eq. (S11) has a bound state with eigenvalue λ = 0 and
ψ′BS,l =
(
γR
γL
) l/2
, (S12)
where we omit a normalization constant. Note that the potential terms at the boundaries γL cˆ
†
1 cˆ1 and γRcˆ
†
L
cˆL in Eq. (S10) ensure
the existence of the zero mode (S12), which corresponds to the steady state of the master equation. We next assume that Eq. (S11)
has a plane-wave solution as
ψ′k,l = c1e
ikl
+ c2e
−ikl . (S13)
Substituting Eq. (S13) into (S11), we obtain (L − 1) solutions
ψ′k,l = (γL − 2γ˜ cos k) sin k(l − 1) + (γR − 2γ˜ cos k) sin k(L − l) + γ˜ sin k(l − 2) + γ˜ sin k(L − 1 − l), (S14)
where k = npi/L, (n = 1, ..., L − 1). The eigenvalue associated with Eq. (S14) is calculated as
λk = −γR − γL + 2γ˜ cos k. (S15)
The spectral gap ∆ is given by
∆ = γR + γL − 2γ˜ (S16)
in the L → ∞ limit. For γR = γL, the gap closes as ∆ ∼ L−2. From Eq. (S9), the eigenmodes of the original Hamiltonian
HˆOBC and the transformed one Hˆ ′OBC are related to each other by ψl = (γR/γL)l/2ψ′l . Defining the localization length ξ by
|ψk,l |2 ∼ e−(L−l)/ξ for γR > γL, we have ξ = | ln(γR/γL)|−1. We note that ξ ∝ δγ−1 and ∆ ∝ δγ for δγ ≡ |γR − γL | ≪ γR.
The eigenspectrum (S15) is shown in Fig. S1 (a) with green symbols on the real axis. It extends over the width 4
√
γRγL around
the center point λ = −γR − γL. Note that for γR = γL ≡ γ, eigenvalues for the PBC and OBC collapse onto a single line of length
4γ on the real axis. Figure S1 (b) shows the eigenmodes of HˆOBC. When γR > γL, all eigenmodes are localized near the right
boundary (l = L). The localization length is estimated to be ξ = | ln(1/0.8)|−1 ≃ 4.48.
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FIG. S2. (a) Time evolution of κ with hopping parameter J = γR = 1, γL = 0.2, and system size L = 40, 80, 120, 160, 200 from top to bottom.
The standard deviation of the initial state is σ = 2. Figure (b) shows the same data as (a) in log scales, and the dashed line shows κ ∝ t−0.56.
(c) Time evolution of κ on a semi-log plot with system size L = 80, and hopping parameter γR = 1, γL = 0.2, and J = 0, 0.1, 0.2, 0.3, 0.4, 0.5
from bottom to top. Figure (d) shows a double-log plot of (c), and the dots show τc0 and τc.
S2. Relaxation of the off-diagonal elements of the density matrix
In the main text, we have focused on the relaxation of the diagonal elements of the density matrix ρll = 〈l | ρˆ|l〉. The relaxation
time associatedwith the diagonal elements diverges linearly with increasing the system size irrespective of the value of the transfer
amplitude J. In contrast, the behavior of the relaxation time associated with the off-diagonal elements ρlm = 〈l | ρˆ|m〉 (l , m)
depends significantly on the presence or absence of J. When J = 0, the time evolution of the off-diagonal elements is given by
dρlm
dt
=


−(γR/2 + γL/2)ρlm, (l = 1, m = L or l = L, m = 1);
−(γR/2 + γL)ρlm, (l = L or m = L);
−(γR + γL/2)ρlm, (l = 1 or m = 1);
−(γR + γL)ρlm, (otherwise).
(S17)
Thus, the relaxation time is independent of the system size.
In the presence of nonzero J, the Liouvillian mixes the diagonal and off-diagonal elements of the density matrix. As a result,
the Liouvillian eigenmodes that control the slow relaxation of the system have nonzero off-diagonal elements. Thus, we expect
the slowing down of relaxation processes of the off-diagonal elements. We vindicate this expectation by numerically solving the
Lindblad master equation. As an initial state, we take the following pure state localized near the left boundary l = 1:
|ψini〉 =
L∑
l=1
ψini,l |l〉, ψini,l = N exp
[
−(l − 1)
2
4σ2
]
, (S18)
where σ is the standard deviation of the density profile |ψini,l |2 and N is a normalization constant satisfying
∑
l |ψini,l |2 = 1.
The density matrix is given by ρˆini = |ψini〉〈ψini |, whose matrix elements read ρini,lm = 〈l | ρˆini |m〉 = ψini,lψ∗ini,m. We define the
amplitude of the off-diagonal elements by
κ ≡
L∑
l,m (l,m)
|ρlm |. (S19)
Figures S2 (a) and (b) show the time evolution of κ for different system sizes. In an early stage, κ exhibits a power-law decay
up to some crossover timescale τc, at which the wave packet of the particle reaches the right boundary and κ starts to increase
toward a stationary value. From Fig. S2 (a), one can see that τc is proportional to the system size. Since the relaxation time τ
9should be larger than τc, we find that τ diverges linearly with increasing the system size. Figures S2 (c) and (d) show the time
evolution of κ for different transfer amplitudes J. As mentioned above, when J = 0, κ decays exponentially with a rate γR + γL.
In the presence of small but nonzero J, one can distinguish three different regimes separated by two crossover timescales τc0 and
τc. For t < τc0, κ shows an exponential decay similar to the case of J = 0. For an intermediate regime τc0 < t < τc, κ shows
a power-law decay t−α with α ≃ 0.5. While τc is independent of J, τc0 increases with decreasing J, and the power-law regime
disappears in the J → 0 limit.
